We study bifurcations from a fixed point with fourfold eigenvalue zero occurring in a two degrees of freedom Hamiltonian system of second order ODEs which is additionally reversible with respect to two different linear involutions. Using techniques from Catastrophe Theory we are led to a codimension 2 problem and obtain two different unfoldings of the singularity related to the hyperbolic and elliptic umbilic, respectively.
Introduction
In this paper we consider a class of systems of second order differential equations (ODEs), depending on a parameter λ ∈ R k close to 0, that are both reversible and Hamiltonian. We assume that for λ = 0 the origin is an equilibrium and we assume that the linearisation at this equilibrium possesses a fourfold eigenvalue zero. We study what typically happens under (small) perturbations in a neighbourhood of the origin.
In the first part of the paper we derive a suitable description of the situation in terms of an unfolding. The main idea for the procedure yielding both the normal form of the singular system and the respective unfolding is to * Department of Mathematics, TU Ilmenau, PSF 100565, 98684 Ilmenau, Germany, Email: murmel@mathematik.tu-ilmenau.de, Phone: 0049 3677 693254, Fax: 0049 3677 693270 exploit the Hamiltonian structure and to apply Catastrophe Theory to obtain an unfolded normal form of the Hamiltonian. This procedure was successfully applied to planar Hamiltonian systems in [2, 9] . The outcome in our case are two unfoldings that differ in signs of higher order terms. Using the standard symplectic structure we derive the corresponding two families of ODEs which will be referred to as the (4-dimensional) reversible hyperbolic umbilic and the (4-dimensional) reversible elliptic umbilic, respectively.
The second part of the paper is devoted to an analysis of the unfolded vector fields. We concentrate on the existence of homoclinic and heteroclinic orbits for the systems and study their properties. We start by presenting local bifurcation diagrams showing the fixed points of the systems together with the eigenvalues of their linearisations in dependence on the parameters. Using several techniques from dynamical systems theory we rigorously prove the existence of homoclinic and heteroclinic orbits of the systems. Some important open questions are discussed.
We would like to make clear that we do not intend to give a complete description of the generic dynamics in a neighbourhood of fixed points with fourfold eigenvalue zero. That is to say, we neither look for a universal unfolding of the singularity nor do we want to derive complete parameter-dependent phase portraits of the unfolded systems. Rather, we concentrate on the analysis of some parts of the dynamics of certain 'model systems' for a class of second order ODEs. But nevertheless, it is possible to show that most of our results are indeed generic (compare with the discussion at the end of the paper).
Our studies are motivated by a problem in nonlinear optics dealing with the existence of solitary light waves and kinks in a nonlinear optical medium. In [5, 25] it is shown that for a medium with χ 2 -nonlinearity such waves can be described as homoclinic and heteroclinic orbits of the following system of ODEs:
which originates from a system of coupled nonlinear Schrödinger equations. Here, α is a real parameter; r, s are parameters that can only take values ±1. Note that (1) falls into the class of systems studied here. In the case r = −1, s = 1 one is interested in the existence of heteroclinic orbits, and for α > 0 there is a chance for such a connection as we find two equilibria
on the same level set of the corresponding Hamiltonian. For α ≥ 8 the equilibria are of saddle type, i.e. the associated linearisation possesses four real eigenvalues, and one may obtain existence results for heteroclinic orbits applying the techniques of Section 4.1.2 of this paper. For 0 < α < 8, however, the fixed points are of saddle-focus type and therefore the situation is more involved. Our idea for attacking this problem was to perform a local bifurcation analysis of the degenerate fixed point which gives rise to η ± at α = 0. A simple calculation shows that the linearisation of this fixed point has a fourfold eigenvalue zero. Unfortunately, it turns out that this special singularity is of infinite codimension (one finds a line of fixed points at α = 0). This makes a rigorous analytical treatment rather complicated. So we drop the concrete physical system but, nevertheless, use its properties as an inspiration for the study of a general problem described in the following section.
Finally, it is worth noting that there are only a few studies about degenerate fixed points in R
4
. We mention work by Iooss [14] who also studies bifurcations from a fixed point with fourfold eigenvalue zero. In the case studied there the eigenvalue has geometric multiplicity one. Being based on normal form theory his approach is more local than the one we take. This is also reflected in the results about connecting orbits.
The general problem
We are interested in bifurcations from a fixed point occurring in the system of second order ODEsv =
for the real-valued functions v(·) and w(·). Here V : R × R × R k → R is an arbitrary, smooth, real-valued function whose derivative with respect to the ith variable is denoted by D i V , and λ is the parameter vector whose dimension will be specified later. We restrict our studies to functions V satisfying the following two assumptions:
(V) V is even in the first argument, i.e. it satisfies
(FP) For λ = 0 the function V vanishes at the origin together with its first and second derivatives.
We view (2) as a dynamical system in R 4 with phase space variables
Bifurcation from a fixed point with fourfold eigenvalue zero 4 and use the abbreviated formẋ = f V (x, λ). Then the special structure of (2) and assumptions (V), (FP) imply the following properties of the vector field.
• For every λ ∈ R k system (2) is Hamiltonian with
• For every λ ∈ R k system (2) is reversible with respect to the linear involution
• Because of (V) system (2) is reversible with respect to the linear involution
• (FP) completely describes the linearisation of the vector field f V at the origin for λ = 0. We have
We will study what typically happens to this singular fixed point under perturbations, i.e. when λ is varied. We study local bifurcations from the fixed point, meaning that we are interested in the dynamics of (small) perturbations in a neighbourhood of the origin. However, because of the richness of dynamical phenomena that is expected to arise a complete parameter-dependent phase portrait is beyond our scope. Motivated by the physical problem in the background we concentrate on the existence and properties of connecting orbits in our analysis.
The unfolding procedure
In order to obtain a normal form and its unfolding for the above problem we perform an unfolding of the corresponding singular Hamiltonian H V (·, 0), applying Catastrophe Theory (see [3] as a general reference concerning this
Bifurcation from a fixed point with fourfold eigenvalue zero 5 subject). This procedure was developed by Broer et.al. [2] who obtained C ∞ -versal unfoldings of singular fixed points of one degree of freedom Hamiltonian systems in this way (see also [9] for the planar analogue of our problem). In our (4-dimensional) case we cannot prove that the procedure yields versal unfoldings. Nevertheless, there is a geometrical motivation for it.
We are only interested in perturbations of f V (x, 0) that leave the vector field Hamiltonian. Thus, any unfolding of the singular vector field is accompanied by an unfolding of the singular Hamiltonian. Moreover, orbits of Hamiltonian vector fields are part of the level sets of the Hamiltonian. So in order to derive a complete picture of perturbations of the vector field it is necessary to describe the foliation of the level sets of perturbations of the Hamiltonian completely. Translated into the language of Catastrophe Theory this means that for a versal unfolding of a Hamiltonian vector field it is necessary to have a versal unfolding of the Hamiltonian.
For the moment we forget about assumption (V) and look for a C ∞ -versal unfolding of a suitably chosen normal form of H V (·, 0). Because of the special structure of H V (·, 0) we can apply the Splitting Lemma ( [3] , p. 125) which is also valid in the context of functions that are invariant with respect to the action of a compact group, see for instance [1] . This shows that in the unfolding process we can concentrate on the unfolding of V (x 1 , x 3 , 0). (In addition we see that the chosen class of systems (2) which leads to the special form of Hamiltonians (3) is appropriate for our problem and imposes no restriction.) Under assumption (FP) the least degenerate singularities in 2 variables are of codimension three, and we have to deal with two different normal forms, namely with the hyperbolic umbilic V − and the elliptic umbilic V
and V
see for instance [2, 3] . The universal unfoldings of V ∓ are given by
Note that we have labeled the components of the parameter vector λ = (µ, κ, ν). In order to fulfill (V) we set ν = 0. Doing so, we are led to a universal Z 2 -invariant unfolding of V (·, 0), i.e. a universal unfolding within the class of functions that fulfill (V). This has been proved in [9] , see also [16] . Finally, after adding the quadratic form we obtain universal unfoldings of the two corresponding normal forms of H V (·, 0). Also introducing the notation H ∓ they read
The outcome of this unfolding procedure is two different systems of ODEs describing perturbations of the singular system. Because of the corresponding Hamiltonian we call them the (4-dimensional) reversible hyperbolic (elliptic)
with Hamiltonian
For the corresponding vector fields we will use the abbreviation f
Remark. We emphasise again that although the Hamiltonians H ∓ have been unfolded completely it is an open question whether the same holds true for the corresponding vector fields. Nevertheless, we note that the number of parameters in our unfoldings agrees with results by Hoveijn [12] about the linear codimension of the problem.
Analysis of the unfolded systems
Our analysis of the systems (6) is essentially concerned with the existence of orbits homoclinic and heteroclinic to fixed points. We start by presenting bifurcation diagrams showing the local bifurcations of the fixed points of the systems and the eigenvalues of their linearisations in the µ, κ-plane. Afterwards connecting orbits are discussed. A detailed version of this part can be found in [21] . The reader is also referred to [20] as a source for results and terminology concerning reversible ODEs.
We first present the results for the reversible hyperbolic umbilic f This system can be solved directly and we find that there are two fixed points
and two additional fixed points
. The system has no fixed points for κ > µ 2
. (In the sequel we will neglect the dependence of the fixed points on the parameters and only use ξ i .)
Most of the information concerning the fixed points of f − is compressed in Figure 3 in the appendix. This diagram shows the fixed points of the system in the µ, κ-plane and their eigenvalues. (The eigenvalues were obtained using computer algebra programmes.) Since all fixed points are combined in one diagram the presentation is non-standard and we give some explanations.
Each small numbered box in the diagram refers to a region or line in the µ, κ-plane as indicated by the arrows. It shows the existing fixed points of the system as well as the position of their eigenvalues for parameter values in this region. We only distinguish the cases "complex", "real", "imaginary" or "zero" eigenvalues. A "•" denotes a single, a "×" denotes a double eigenvalue (meaning an eigenvalue of algebraic multiplicity 2). Correspondingly, the diagram reflects qualitative relations only.
Local bifurcations of fixed points occur for parameter values on 2 parabolas
we encounter a Hamiltonian saddle-node bifurcation while for κ = −3µ 2 a pitchfork bifurcation takes place. Let us give additional information that cannot be seen in the diagram.
There are no other pairs of fixed points lying on the same level set of H − . In particular, ξ 3 and ξ 4 are the only candidates for a possible connection by a heteroclinic orbit.
(ii) Each fixed point is symmetric with respect to R 1 , i.e. R 1 ξ i = ξ i , i = 1, . . . , 4, while only ξ 1 and ξ 2 are also R 2 -symmetric. Moreover, we have
We also note that for certain parameter values one finds qualitative changes in the linearisations of fixed points that may lead to a bifurcation of orbits in a neighbourhood of these fixed points. In parameter space we introduce the parabola
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If the parameters are varied such that this parabola is crossed with decreasing κ then no bifurcation of fixed points occurs. But the dynamics in a neighbourhood of ξ 3 and ξ 4 changes since the fixed points turn from centres into saddle-foci (if µ < 0) or from saddles into saddle-foci (if µ > 0). In the former case ξ 3 , ξ 4 lose their stability and a Hamiltonian Hopf Bifurcation occurs.
Finally we remark that a collision of eigenvalues on the real (imaginary) axis can also be found for the fixed point ξ 1 (ξ 2 ) if we cross the line κ = 0 for µ > 0 (µ < 0). However, here the eigenvalues do not become complex, but pass through each other still remaining on the real (imaginary) axis. In this case the behaviour is generic: With Fix (R i ) := {x : R i x = x} we have {ξ 1 , ξ 2 } ⊂ Fix (R 1 ) ∩ Fix (R 2 ) and so the fixed points cannot have complex eigenvalues. 
Note that P is just the fixed space of the involution R 1 • R 2 which is easily seen to be a symmetry of f − . Reduced to P we obtain a one degree of freedom Hamiltonian system which can be analysed by discussing the level sets of the corresponding Hamiltonian. In particular for κ < µ 2 , we find a homoclinic orbit γ hom to the fixed point ξ 2 (see Figure 1 for a geometric impression). This orbit intersects the fixed spaces of both involutions R 1 , R 2 and we conclude that R i γ hom = γ hom , i.e. the orbit is R i -symmetric for i = 1, 2.
Let us discuss γ hom more closely and let us describe the situation within the invariant plane P . Restricted to this plane ξ 2 is a hyperbolic fixed point, and it is fairly easy to see that γ hom is non-degenerate for all κ < µ Let us now analyse the properties of γ hom in the full 4-dimensional phase space. It is clear that the symmetries of the orbit are preserved, since γ hom intersects the fixed spaces of both involutions. Things are more complicated when we want to investigate the non-degeneracy of the orbit. First note that the notion of non-degeneracy is only defined for orbits homoclinic to hyperbolic fixed points. Hence, an investigation of the non-degeneracy of γ hom in R 4 only makes sense for parameters between Γ 2 and Γ 4 , since this exactly the parameter range where ξ 2 is hyperbolic. Then we can indeed show that γ hom is nondegenerate in the 4-dimensional phase space. For this we invoke an analytical expression for the homoclinic solution. So let x hom (0) ∈ Fix (R 1 ) ∩ Fix (R 2 ) be the (unique) intersection point of γ hom with the fixed spaces of the involutions (again we neglect the dependence of the solution on the parameters). We then have the following expression for the solution (which is valid for all κ < µ 
(t),ṙ(t))
Now we can prove the final result of this part. Proof. We will consider the variational equation along γ hom and show that the space of bounded solutions of this equation over R is one-dimensional. This condition is equivalent to the non-degeneracy of the orbit (see [20] ). For γ hom the variational equation decouples into two second order ODEs v = 2r(t)v + 2µv w = − 2r(t)w + 2µw.
We observe that the second equation is just the variational equation along γ hom within P . Since we have non-degeneracy in P , the equation therefore possesses a one-dimensional space of bounded solutions. For the first equation one can show that every bounded solution is squareintegrable. This is a consequence of the exponential dichotomy of (7). Thus, we can multiply this equation through by v and integrate over R to obtain
For every non-trivial bounded solution v the right-hand side is positive, while the left-hand side is negative, which shows that the only bounded solution over R is the trivial one. This proves the assertion.
We finally note that for parameter values κ < µ 2 but not between Γ 2 and Γ 4 , the fixed point ξ 2 is non-hyperbolic, namely a saddle-centre. In the generic situation one would expect an orbit homoclinic to a non-hyperbolic fixed point to break up under perturbations. But as we have seen in this section the symmetries of f − do not allow this for γ hom . Thus, it would be very interesting to analyse the dynamics near the orbit. Such questions, however, will not be pursued further here.
Remark. The results obtained in this section are global in the following sense: The existence of the homoclinic orbit was proved for a large (and determined) range of parameter values. The results are 'maximal' as well. We proved the existence of γ hom for all parameter values where ξ 2 exists, and the nondegeneracy holds for all parameter values where ξ 2 is hyperbolic.
Heteroclinic orbits for
Let us now turn to heteroclinic orbits of f − . According to observation (i) on page 7 we look for heteroclinic orbits between ξ 3 and ξ 4 . We note that because of the reversibility of the system with respect to R 1 and since {ξ 3 , ξ 4 } ⊂ Fix (R 1 ) such orbits will not come alone but in pairs forming a heteroclinic cycle.
First it is instructive to consider f − with parameter values in a neighbourhood of Γ 4 . Here ξ 2 undergoes a pitchfork bifurcation giving rise to 2 saddles and turning itself into a saddle centre. In this case centre manifold theory allows to follow the evolution of small bifurcating solutions in a family of reversible planar vector fields and it is well-known that such a reversible pitchfork bifurcation generically gives rise to a heteroclinic cycle (see for instance [18] ).
For the actual proof of the existence of a heteroclinic cycle between ξ 3 and ξ 4 , however, we rather use the fact that f − is an indefinite Hamiltonian system (see [11] for the terminology and references). In fact, setting p = (−x 2 , x 4 ) and q = (x 1 , x 3 ), we can write the Hamiltonian H
where S·, · is an indefinite quadratic form. (Note that a Hamiltonian system in R n × R n is called indefinite if the corresponding quadratic form S possesses exactly one negative eigenvalue; but this is automatically satisfied in our case.)
For indefinite Hamiltonian systems there exist powerful results by Hofer and Toland, [11] , which ensure the existence of connecting orbits under certain assumptions on the function V . For f − we will apply Theorem 3 in [11] whose two degrees of freedom version reads as follows.
Theorem 4.4 (Theorem 3, [11]). Consider an indefinite Hamiltonian systeṁ
where
) is a self-adjoint linear operator with exactly one negative eigenvalue, and V : R (ii) C \ {a} ⊂ a + Σ and C \ {b} ⊂ b + Σ.
(iii) If q ∈ ∂C and DV (q) = 0 and SDV (q), DV (q) = 0 then
Then the system (8) possesses a heteroclinic orbit γ which connects the fixed points (a, 0) and (b, 0). Moreover, the q-component of γ lies in C for all times.
We note that because of the reversibility of (8) with respect to R : (q, p) → (q, −p) this orbit will also not come alone, but one will in fact find a heteroclinic cycle connecting the fixed points. Now, for f − this theorem can be applied to obtain the following result. 
Proof. We will apply Theorem 4.4 to f − with fixed parameters µ, κ which requires to find a set C that meets all the requirements in assumption (C) in Theorem 4.4. Using the notation of the theorem we have that
Now we take C to be the region bounded by the line x 3 = −µ and by the curve 3x An interesting problem is the existence of heteroclinic orbits of f − for parameter values where the fixed points ξ 3,4 are saddle-foci, i.e. for parameter values below Γ A ∪ Γ B . Of course, this is a very hard problem; one possibility for a partial solution is to perform a continuation of γ het . This could for instance be done by investigating the non-degeneracy of the orbit which would imply a transverse intersection of the stable and unstable manifolds within the corresponding level set of the Hamiltonian. But still this investigation is too difficult for γ het since we do not know enough about the orbit. (Recall that for the proof of the non-degeneracy of γ hom in the last section we needed an analytical expression of the homoclinic solution; but now we only know of the existence of a heteroclinic solution.) Fortunately, a continuation of γ het is possible by showing a property of the orbit which is weaker than non-degeneracy. This approach is due to Buffoni [4] who observed that the application of Theorem 4.4 yields orbits which are the result of a topologically transverse intersection of the corresponding stable and unstable manifolds. As the approach requires a rather technical frame we will only present a sketch of the fundamental topological ideas here and refer the reader to [22] for a complete derivation.
The notion of topological transversality is intimately related to the concept of intersection numbers between manifolds. A very good introduction to this can be found in the book by Hirsch, [10] , see also [4] . We only note here that an intersection number is a topological object which is stable under small perturbations and under homotopic deformations of the manifolds. Now, two manifolds are said to intersect topologically transversally if the corresponding intersection number is different from zero. By the properties of intersection numbers it can be seen that a topologically transverse intersection cannot be destroyed under small perturbations. However, the notion of topological transversality is weaker than the classic (differential-topological) version of transversality -perturbations of a topologically transverse intersection (that is not transverse in the classic sense) can produce additional intersection points. 
Now it is shown in [22] that the traces of the stable and unstable manifold of ξ 4 and ξ 3 , respectively, intersect topologically transversally in G provided that µ > 0 and −4µ
The proof uses assumptions of Theorem 4.4 and the homotopy-invariance of the intersection number. (For technical reasons it also requires to adapt the concept of topological transversality to sets that are not manifolds, but compact pieces of manifolds, see [4, 22] .) In particular, from the topologically transverse intersection at κ = −4µ 2 and from the persistence of such an intersection under small perturbations we obtain We find the same properties for the fixed points of f + (x, µ, κ) as for those of f − (x, µ, κ). All fixed points are R 1 -symmetric, while only ξ 1 and ξ 2 are also symmetric with respect to R 2 . The only fixed points on the same level set of the Hamiltonian H + are ξ 3 and ξ 4 = R 2 ξ 3 . As before we have summarised the results about the fixed points of the system in a bifurcation diagram ( Figure  4 in the appendix). The following parabolas can be found in this diagram
Also the results about connecting orbits of f + (x, µ, κ) can be obtained in exactly the same way as for f − (x, µ, κ). They read as follows. The homoclinic solution of f + is given by
It is also created in a Hamiltonian saddle-node bifurcation. Exactly as for f − (x, µ, κ) we also find a heteroclinic cycle emerging in a reversible pitchfork bifurcation. 
Discussion
In this paper we have studied two systems of ODEs derived as unfoldings of a degenerate fixed point with a fourfold eigenvalue zero. We have presented the diagrams of local bifurcations of fixed points and we have obtained existence results for homoclinic and heteroclinic orbits.
Although no proof has been given that the considered systems are versal unfoldings of the singularity we claim that the presented results are generic. Let us for simplicity restrict the discussion to the hyperbolic case and consider a family of vector fields g :
is unfolded completely then immediately shows that there exists a curve (µ(λ), κ(λ)) in parameter space such that g(x, λ) and f (x, µ(λ), κ(λ)) have the same number of fixed points of the same type. The results about connecting orbits carry over as well: First we see from [8, 2] that within the invariant plane P our procedure yields a versal unfolding of the singular system. In particular, this implies that the results about γ hom are generic. Concerning the heteroclinic cycle we can use the property of topological transversality to infer the existence of heteroclinic cycles also for perturbations of f − , see [22] . Let us discuss some open questions concerning the heteroclinic orbits of f − . The major problem is the detection of the exact range of parameter values for which heteroclinic orbits between ξ 3 and ξ 4 exist. One may try to follow the cycle {γ het , R 1 γ het } under variation of the parameters. Here, recent numerical studies in [17] have shown the existence of a bifurcation curve in parameter space where this cycle becomes degenerate and disappears in a saddle-node bifurcation of heteroclinic cycles. The description of this bifurcation requires techniques different from the ones used in this paper. In addition, the disappearance of the primary cycle does not exclude the possibility that heteroclinic orbits exist for all parameter values κ < −4µ 2 , i.e. for all parameter values where ξ 3,4 are saddle-foci. Further existence results might for instance be obtained by variational techniques, as in [15] .
It is also interesting to consider the situation around Γ A , Γ B more closely. On Γ A we find a Hamiltonian-Hopf bifurcation of ξ 3, 4 , which is well understood locally, regarding the bifurcation of periodic orbits, [19] , and small homoclinic orbits (see [13] for results about the corresponding bifurcation in reversible systems). However, assuming the existence of a heteroclinic cycle between ξ 3 and ξ 4 for all κ < −4µ 2 one has to consider this bifurcation in a global frame and it is not clear what can happen to the cycle.
Of similar interest is the situation for parameter values around Γ B . Crossing this line gives a situation which -for homoclinic orbits in non-reversible, non-Hamiltonian systems -is sometimes referred to as "broom-bifurcation" (see [7] and references therein). This bifurcation leads to a dramatic change in the dynamics near the cycle from tame to chaotic. In fact, results from [4] show that below Γ B the heteroclinic cycle {γ het , R 1 γ het } is accompanied by infinitely many n-homoclinic and n-periodic orbits. (Note that this result is very similar to the classic Devaney theorem for non-degenerate homoclinic orbits to saddle-foci in Hamiltonian systems, [24] .) It is very interesting to understand how this change of dynamics occurs for the present problem. Some results are available in [23] ; see also [6] for an investigation of the related homoclinic case.
Finally, it is worth mentioning that although the systems have been considered as local unfoldings of a degenerate fixed point the results obtained are not chained to the local regime, but can be applied to an arbitrarily large range of parameters by introducing an appropriate scaling, see [17] . Therefore one could use the systems studied here as a starting point for some continuation process to obtain new results for physically relevant problems.
